A CLASS OF PERMUTATION BINOMIALS OVER FINITE 

FIELDS 



XIANG-DONG HOU* 



Abstract. Let g > 2 be a prime power and / = x''^ + tyfl , where 

i G F*. It was recently conjectured that / is a permutation polynomial of ¥^2 
if and only if one of the following holds: (i) t = 1, (j = 1 (mod 4); (ii) t = —3, 
q = ±1 (mod 12); (iii) t = 3, g = —1 (mod 6). We confirm this conjecture in 
the present paper. 



1. Introduction 

Let g be a prime power and the finite field with q elements. A polynomial 
/ G IFq[x] is called a permutation polynomial (PP) of Fg if the mapping x f{x) 
is a permutation of Fg. Nontrivial PPs in simple algebraic forms are rare. Such 
PPs are sometimes the result of the mysterious interplay between the algebraic and 
combinatorial structures of the finite field. Permutation binomials over finite fields 
are particularly interesting for this reason, and they have attracted the attention 
of many researchers over decades; see PQ |51 [HI UHl [131 HH [H]. In these references, 
the reader will find not only many interesting results on permutation binomials but 
also plenty challenges that remain. 

The main result of the present paper is the following theorem: 

Theorem 1.1. Let f = x«-2 + tx'^'-i-^ e Fg[x], where q>2 andteW*. Then f 
is a PP of ¥g2 if and only if one of the following occurs: 

(i) t = l, q = l (mod 4); 

(ii) t = -3, q = ±l (mod 12); 

(iii) t = 3, q = —I (mod 6). 

In fact, Theorem ll.il was conjectured in [1]; it originated from a recent study of 
certain permutation polynomials over finite fields defined by a functional equation. 
We will briefly describe this connection in Section 4. 

The attempt to prove Theorem 11.11 has led to the discovery of a curious hyper- 
geometric identity stated in Theorem 11.21 In return. Theorem 11.21 clears the last 
hurdle in the proof of Theorem 11.11 
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Theorem 1.2. Let n > be an integer. Then we have 

E ') - 2fc + 4 - 2,)) (-1)'= S^'^+i 

fc<2n+l ^ ^ ^ j = l ^ 

+ E P\+')fff(6n-2fc + 5-2,)V-lf3^'= = 0. 



k 

fe<2n+l ^ '' ^ i=l / 

The proofs of Theorems 11.21 and 1 1 . 1 1 are given in Sections 2 and 3, respectively. 

Remark. For g > 2, we can write the polynomial f as f = x'^ ^^h{x'^^^) 
(mod x'' — x), where h{x) = x + <x'. According to TB] Lemma 2.1], / is a PP of F^2 
if and only if x''^~^/i(x)^~^ permutes the {q — l)st powers in F*2. This observation, 
though interesting in its own right, does not seem to be useful in our approach. 



2. Proof of Theorem 11.21 



Let 



2n+l^ 



^1 ^) = ( ) ( n - 2fc + 4 - 2j) ) (-1)'= 32'=+i 



2n+l 



F2 (n, fc) = p + ^ j n (6n - 2fc + 5 - 2j)j (-1)'= S^'^ 

Si{n) - ;^Fi(n,fc), 

fe 

= ^F2(n,fc). 

fc 

Using Zeilberger's algorithm [121 Ch. 6], [H], we find that 

Fi (n + 2, fc) + 24(36n2 + 126n + 113)fi(n + 1, fc) + 46656(n + l)2(2n + 3)^i^i (n, fc) 
= Gi(n,fc + l)-Gi(?i,fc), 
where Gi(n, fc) = Fi{n, fc)i?i(n, fc), 
Ri{n, fc) 

32fc(37i-fc + 2) . (264240 - 321108fc+ 142242fc2 



(n - fc + l)(n - fc + 2) n^=2 (2n - fc + j) 



lj=2V 

- 27228fc^ + 1902fc'* + 1434774n - 1559605fcn + 612100fc2n - 102647fc3n 

+ 6194fc'*n + 3361281^2 - 3199801fcn2 + 1081204fcV - 152528fc^n2 

+ 7484fcV + 4437783n^ - 3594830fcn3 + 1003340fc2n3 - 111631fc^n^ 

+ 3976fc''n3 + 3611829n'* - 2388503fc7i^ + 515900fc2n'' - 40234fcV 

+ 784fc*n* + 185583371^ - 938595fcn5 + 139350fc27i^ - 5712fc3n^ 

+ 587970n^ - 201978fcn^ + 15444fc2n^ + 105030n^ - 18360fcn^ + 8100n^). 

By the same algorithm, we have 

F2{n + 2, fc) + 24(36n2 + 126n + 113)F2(n + 1, fc) + 46656(n + l)2(2n + 3)2^2 (n, fc) 

= G2(n,fc + l)-G2(n,fc), 
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i?2 {n, k) 

4:k{6n - 2fc + 5) 



• (5518665 - 6111039fc 



(2n -2k + 3)(2n - 2fc + 5) ll^^2i'^n - k + j) 



+ 2516532fc2 - 455172/0^ + 30432fc'' + 29095596n - 29034593fc?i + 10674112A:2n 

- 1703836fc-V + 99104A:^n + 66125967n2 - 58228898/cn2 + 1857n32k'^n^ 

- 2512456fc^n2 + 119744fcV + 8461125671^ - 63891952A:n''' + 16960112fcV 

- 1823312fc37i3 + 63616fc47i^ + 66666108n^ - 41422240fcn* + 8573312/0271"* 

- 650912fc^77* + 12544fcV + 3312076877^ - 15865680^77^ + 2273856fcV 

- 91392fc^n^ + 1013256077*^ - 3323808fc77^ + 247104/^^71^ + 174528077^ 
-293760fc77^+ 12960077^). 

Therefore, both 5*1 (77) and S2(n) satisfy the same second order recurrence relation: 

Si{n + 2) + 24(3671^ + 12671 + 113)S'i(7i + 1) + 46656(n + 1)^(277 + 3)25-1(77) = 0, 
52(71 + 2) + 24(3677^ + 126n + 113)^2(74 + 1) + 46656(n + 1)^(277 + 3)^^2(77) = 0. 

It is easy to check that 



Hence £'1(77) — —52(77) for aU 77 > 0, which completes the proof of Theorem II .21 



Remark. The hypergeometric sums 5i (77) and 52 (77) cannot be expressed in closed 
forms (in the sense of ^T2\ Definition 8.1.1]). This fact has been proved using 
Algorithm Hyper [El Ch. 8]. 



The identity in Theorem 11.21 can be expressed in the standard notation of 
hypergeomtric series. For an integer fc > and an element a in any ring, let 



Si{0) = 6 
-51(1) = - 



3312 



^2(0), 



>^2(1). 
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{a)k = a{a + 1) • • • (a + fc — 1) denote the rising factorial. We have 

Si{n) 

= E ') ( -2k + 4- 2i)) (-1)'=3-+^ 

= E (^"^^ ^) ( n'(^" - + 1 - fc) + 4 - 2i)) (_l)2n+l-/=32(2n+l-;=) + l 



(fc !-)■ 2n + 1 - fc) 

2ri+l 



^ _ 22n+l . 34n+3 ^ j^2n + 1^ ^ ^ ^ ^ _ (_i)fe3-2/= 

^ _ 22n+l . 34n+3 ^ /2n + l\ + « + 1 _ _^-)') (_1)'=3- 

n+l<fe<2n+l ^ ^ ^ i=l ^ 

^ _ 22n+l . 34n+3 ^ (^^^^ ^ ^ J + 2n + 2 - j)^ {-i f +^+^3 



2k 



-2(fe+n+l) 

(fc !-)■ fc + n + 1) 



= (-1)" . 2-+1 . {k^+^l i) ( n'(^ + J)) 

In the above, 

2n + l \ (-l)'=+"+i(-2n-lH+„+i (-2n - l)„+i (-n)^ 



fc + n + iy (l)fe+n+i (n + l)!(n + 2)fe 

2n+l 2n+l /• , i\ . n\ 

So 

5,(n) = -2-+^ . 3-+^(-2n - ^ (z!^l^ (2- + 2). (3-)'= 

^''^'^ -'■ fe>0 

= (_1)» . 22"+i . 32"+i . (n + l)„+i • (n + 2)„ ■ 2F1 

Similarly, 

52(n) = -2^"+^ . 3^"+^ ^ + ^) ( n'(fc + n + ^ - j)) (-1)'=3 

J — 1 

In the above, 

/2n + 1\ (-l)''(-2n-l)fe 



+ 2)fc 


k\ 


"-n, 2n + 2 


3-2 


n + 2 





2fc 



\ k J k\ 
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n(^ 



2+^ 



n 



3\ 

2>k 



1 

-n+- 



2y2n+i (-n + i)fc' 



So 



j2n+l ^ 24n+2 



-)2n+l o4n+2 



2/2,^ 
1 



^ (-2n-l)fe(ri+i)fc (3-2)'= 



— n H — 

2/2)1+1 



= „2^»+i . 3 
Therefore, Theorem II .21 can be stated as 



fc 
2F1 



2F1 



'-n, 2n + 2 






n + 2 





= (-1)"3 



n Q2n+1 



{-n + \)2n 



+ 1 



(n + l)„+i (n + 2), 
3. Proof pf Theorem 11.11 



2-Fl 



n + |, -2n - 1 



Let Qp denote the field of p-adic numbers and Zp the ring of p-adic integers. For 
an integer a > and an element z S Qp, we define (^) = ■ If 2 G Q, we 

also define 



if z e z, 

otherwise. 



Lemma 3.1. Let q he a power of a prime p and a an integer with < a < q — 1. 
Let zi,Z2 G Zp such that zi = Z2 (mod q). Then = ('^j) (mod p). 

Proof. Write zi = z + qw, where z e Z, w e Zp. It suffices to show that {^^) = (^) 
(mod p). There exists a sequence w„ £ Z such that w„ w as n ^ 00. We have 

^ ^J™") " ^^'^ coefficient of in (1 + x)^+«'"" 

EE the coefficient of x° in (1 + x)^(l + x'')"'" (mod p) 

(since a < q). 

Letting n — )• 00 in the above, we have (^^^) = (^) (mod p). □ 

Lemma 3.2. Let f be as in Theorem Let < a + /3g < q^ ~ 1, where 

< a,/3 < g - 1. Then 



(3.1) 







if a + (3 ^ q-l, 



= < 



-(-1) 2 t 2 



(-i)^^^E 



3q-1 



E 



3a-l 



2+1 



{-lyt^ 



ifa + l3 = q— 1. 
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Proof. We have 



= ^ i"+/392.-9(a+/3«)(i^^-1^29-2^a+/3q 



xeF* 



This sum is unless —qa — (3 = (mod g — 1), i.e., a + (3 = (mod g — 1). 

Assume a + /3 = (mod q — 1). Since < a + < — 1, we must have 
a + 13 = q—1. Then — g'a — /3 = —qa — {q—l — a) = — (a + l)(g — 1). Thus we have 



xeF*, 

g — 1 — a 



2(i-j)=c«+l (mod 



(i+i) 



When < i < Q and < j < g — 1 — a, we have 



a + 1 - 2{q + 1) < 2{i - j) < a + 1 + q + 1. 
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So the condition 2{i~j) = a + 1 (mod q+l) is satisfied if and only if 2(z— j) = a + 1 
or a + 1 — (g + 1). Hence 



E + E 
E + E 
E + E 



a\ / g — 1 — a 



a\ I q — 1 — a 



(3.2) 



(Lemma 13.1 



E 
E 



3a-l 
2 

a 

3q-1 



«-l ■ 3a -1 



2 * + 2 



9+1 



(-1) 2 *t 2 



+2i 



- (-1) 2 t 2 



(-D^t^EC 

i 



E 



a 



i ^2i+l 



3a-l _ ■ I q±l 
2 ' ^ 2 



This completes the proof of Lemma 13.2 



□ 



To prove Theorem II. 1[ we will use the following criterion [71 Lemma 7.3]: A 
function g : — > is a permutation of Fg if and only if 



xew. 



-1 if.s = g-l. 



Proof of Theorem ] 1.1[ (=>) 1° We first show that q must be odd. Otherwise, let 
a = 1 and /3 = g — 2 in (|3.ip . and note that the second sum at the right side does 



not occur since 



3-1 



^ ^ Z. We have 



= 1. 



Note that /(O) = since q > 2. Thus we have J2x& 2 = 1 7^ 0, which 

is a contradiction. 

2° Again, let a = 1 and ;3 = g - 2 in (|XT|) . We have 



o=(-i)-.(oE(!)Cr)(-^)^^""+s 



9+1 



i-iyt 



i,2i 



, -. N 2+i / N 3 1 9 

= (-1)^77(^)^+2-2^ ' 
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where rj is the quadratic character of F,. Let e — {—l)^'i]{t) — ±1. Then the 
above equation becomes 

t"^ -2et-3 = 0, 

i.e., 

(t + e)(t-3e) = 0. 

Thus t = — e or 3e. 

First assume t = —e. Then 

£ = 2 r]{-e) = {-l) 2 (-e) 2 = -g 2 . 

So e = — 1 and q = 1 (mod 4). This is case (i). 
Next assume t = 3e. Then 

e= (-1)^,(3.) = (-1)^.^,(3), 
.^=(-1)^^(3). 

If e = — 1, we have 77(3) = 1, which happens if and only if q = ±1 (mod 12) [6", §5.2]. 
This is case (ii). If e = 1, we have (— 1)^?7(3) = 1. There are two possibihties: 
77(3) = 1 and (—1)^ = 1, or 77(3) = —1 and (—1)^ = —1. The first possibihty 
occurs if and only ii q = ±1 (mod 12) and q = —1 (mod 4), i.e., q = —1 (mod 12). 
The second possibility occurs if and only if 5 = ±5 (mod 12) and q = I (mod 4), 
i.e., q = 5 (mod 12). Together, we have case (iii). 

(<;=) 1° We first show that is the only root of / in ¥^2. Assume to the contrary 
that there exists x € F*2 such that f{x) — 0. Then we have x^'^^ = — t, hence 

(— i)T~ = 1. However, this cannot be true in any of the cases (i) - (iii). 

2°. By 1°, we have J2xe¥ 2 /(^)'^ ~^ ~ Therefore, it remains to prove that 

f(xy =0 for 1 < s < g2 - 2. 

Write s = a + f3q, where < a,/3 < q — 1. By Lemma [3.2[ it suffices to assume 
that a + /3 = q — 1 and a is odd. 

First we consider case (i) in Theorem ll.il By the second line of p.2p . we have 




= (since <? = 1 (mod 4)). 



Now we consider cases (ii) and (iii) of Theorem 11.11 By Lemma 13. 2[ it suffices 
to show that for each odd integer a with < a < g — 1 we have 
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In case (ii), t — —3 and {—\)^^r\(t) — —1; in case (iii), t = 3 and (— l)^77(t) — 1. 
So it suffices to show that 

<") s (:) r: - *) - (:) r 

Write a — 2n + 1. In "Zp/pZp (= Fp), the left side of (|3.3I) equals 



1 



a! 2° 



2n+l 



E 



2ri+l 



2n + 1^ ' -Q (6„ _ 2z + 5 - 2j) ) {-IfS^ 



fLemma 13.11 is used to obtained the second sum in the above.) By Theorem 11.21 
the above expression is 0, and we are done. □ 

Note. For a different proof for the sufficiency of case (i) in Theorem 11.11 see [H 
Theorem 5.9]. 

4. The Polynomial gn,q 

In this section, we briefly discuss the connection of Theorem 1 1.1 1 to a recent study 
of a class of PPs defined by a functional equation. 

Let q be a prime power and n > an integer. The functional equation 

^(x + a)"=5„,,(x'^-x) 

defines a polynomial g„^g G ]Fp[x], where p — charF^. Frequently, g^^q is a PP 
of ¥qi; when this happens, the triple {n,e;q) is called desirable. Many new and 
interesting PPs in the form of gn.q have been found [U |3l [H [5] . Assume q > 2 and 
i > 0. It is known [2j Theorem 5.9] that 

gq2._q_,^q{x) = {l - l)x«'-«-l - ix"-^ (mod X«' - x). 

Therefore we have the following restatement of Theoreni ll.il 

Theorem 4.1. Assume q > 2, i > Q, and i ^ 0,1 (mod p). Then (g^* — g — 1, 2; g) 
is desirable if and only if one of the following holds: 

(i) 2i = 1 (mod p) and q = 1 (mod 4); 

(ii) 2i = —1 (mod p) and g = ±1 (mod 12); 

(iii) 4i = 1 (mod p) and g = — 1 (mod 6). 
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